The complete sets of state-to-state transition rate coefficients for both target and projectile molecules are derived from the predicted response surface designed by the ordinary Kriging model. A system of master equations is constructed for bound-bound and bound-free transitions with these designed transition rate coefficients, and the rovibrational number densities are numerically evaluated by implicitly integrating a system of master equations. In these master equation studies, relaxation of rotation and vibration modes, number density relaxation, reaction rate coefficients, and average rotational and vibrational energy losses due to dissociation are each considered in strong nonequilibrium conditions. A system of master equations are coupled with one-dimensional flow equations to analyze the relaxations of H 2 in post-normal shock and nozzle expanding flows. In post-normal shock flows, the relaxation of the rotational mode is slightly faster or almost similar to the relaxation of the vibrational mode. In nozzle expanding flows, the relaxations of both rotational and vibrational modes seem to be frozen. 
Nomenclature

I. Introduction
HE atmospheres of outer planets consist mostly of H 2 and small concentrations of He and CH 4 . For future outer planetary missions, it is necessary to analyze the nonequilibrium phenomena of H 2 . For the entry flight into Jupiter, the shock layer flow can be considered to be in thermochemical equilibrium because of the relatively high stagnation pressures. In the flights into other outer planets, peak heating is likely to occur at lower stagnation pressures, and therefore, the shock layer flow may not be in equilibrium. In previous works, 1,2 the thermochemical nonequilibrium for H, He and H 2 mixtures were studied. Nonequilibrium excitation processes of rotational and vibrational modes of the electronic ground state were calculated accurately through state-to-state transition rate coefficients and master equations. The quasi-classical trajectory (QCT) method 3, 4 was adopted to calculate the stateto-state transition cross sections and rate coefficients for 348 rovibrational states of H 2 . In the work 2 for H 2 +H 2 collisions, the internal states of the projectile molecule were assumed to be distributed in a Boltzmann distribution specified by a nonequilibrium temperature. The nonequilibrium temperature was in turn determined from the rovibrational energy content. This assumption was adopted to overcome the difficulties of computational resources. However, it has a limitation; In a faithful analysis of rotation-to-translation, vibration-to-translation, and rotation-tovibration energy transitions, the state-to-state transitions of internal states of the target and projectile molecules must be described. However, in this assumption, the state-to-state transitions of internal states of a projectile molecule cannot be described. In describing the energy transitions for both target and projectile molecules, complete sets of the state-to-state transition rate coefficients of both molecules are needed. There are 348 rovibrational states in H 2 . Therefore, 60,726 different types of collision pairs between the target and projectile molecules are necessary to make the transition rate coefficients for each translational temperature. Evaluating these transition rate coefficients requires prohibitively large computing resources.
In the present work, the complete sets of the state-to-state transition rate coefficients for the 60,726 initial collision pairs are derived from the state-to-state transition cross sections of a smaller number of initial collision pairs between the target and projectile molecules. Specific rovibrational energy states are randomly selected in the
II. State-to-state transition rate coefficients
In the present work, a master equation study is performed by using complete sets of state-to-state transition rate coefficients including the rovibrational energy transitions not only for the target, but also for the projectile molecules. In these rate coefficients, the transition processes are:
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There are 60,726 initial collision pairs between the target and projectile molecules to make these transition rate coefficients for each temperature. In the present work, the transition rate coefficients of 60,726 initial collision pairs are derived from the state-to-state transition cross sections of a smaller number of initial collision pairs between the target and projectile molecules by using the Kriging model. [5] [6] [7] The Kriging model 5 was originally developed to analyze the results of physical experiments to create empirically based models of the observed response values. This model was applied in the field of deterministic simulation for the design and analysis of computer experiments by Sacks et al. 6 In the present work, the ordinary Kriging model 7 is adopted to design a response surface of state-to-state transition cross sections. The ordinary Kriging model treats the deterministic response ( ) y x as a realization of a stochastic process that can be expressed in a regression model: 
where, 2 δ is the variance of a stochastic process. The correlation function ( , ) i j R x x between the sampling points has the form:
where θ is a design parameter which should be determined for response surface design. Then, the response value for n-sampling points can be written in a vector form:
where, y and Z corresponding to each sampling point x are
respectively. Using determistic response y at given n-sampling points x , the ordinary Kriging model considers a linear predictor y $ at untried ' x as follows
Then, an optimized estimated response value 7 at untried ' x can be written as
After solving the matrix of Eq. (13), it can be rewritten as
where a correlation matrix R , correlation vector r for an untried ' x , and generalized least square estimator vector β are defined as
respectively. ς is a matrix in which all components has unit value. Then, in estimating the response value y $ at untried ' x , the only 1 2 [ , , , ]
of Eq. (8) remains. This designed parameter θ can be determined by maximizing the following likelihood function
where deviation 2 δ is defined as
Maximizing the likelihood function is an n-dimensional unconstrained non-linear optimization problem. In the present work, the hybrid genetic algorithm 8,9 is adopted to solve this problem with the objective function as
The sample points to design a predicted response surface of the state-to-state transition cross sections are evaluated by a QCT method. 3, 4 A total of 60 rovibrational states are randomly selected from the total of 348 rovibrational states of H 2 . Then 1,830 of the initial collision pairs of target and projectile particle are constructed to evaluate the state-to-state cross sections for the sample points. For this smaller number of initial collision pairs, the QCT calculations are performed for various relative translational energies from 0.1eV to 6eV.
In the QCT calculations, a potential energy surface proposed by Schwenke 10 is used. In determination of initial coordinates and conjugated momenta of H 2 , a fast Fourier transform method proposed by Eaker 11 is adopted with some modifications. Final rotational and vibrational energy levels are quantized by the Wentzel, Kramers, and Brillouin approximation method. 3 Quasi-bound states are treated by the effective potential method proposed by Kuntz, 4 and the collisions are calculated in a classical manner. A total of 2,000 trajectories are calculated per impact parameter at the batch size of 0.1 Å. In ensuring the convergence of the cross sections, the calculations are repeated until all collisions became elastic. Reactive and nonreactive trajectories are treated separately in the calculations of the cross sections. The nonreactive trajectories are counted as described by Mandy et al., 12 whereas the reactive trajectories are counted twice: the first as ortho-state with a weighting of 3/4 due to nuclear spin, and the second as para-state with a weighting of 1/4. Further details about the QCT calculations can be found in other literature. 3, 4 The predicted response surfaces are designed by the ordinary Kriging model from the sample cross sections for each relative translational energy. From the predicted response surfaces, the complete sets of the state-to-state transition cross sections are derived. These cross sections are converted to the transition rate coefficients by using Eqs. (2) to (5) for the temperature range from 1,000K to 30,000K. In this design methodology, the required computing resources are significantly reduced in comparison to the exact calculating method. In the design methodology, 1,830 initial collision pairs are adopted, while in the exact calculating methodology, 60,726 initial collision pairs are needed. The computing resources are therefore reduced by about a factor of 33.
In Fig. 1 , the predicted response surfaces designed by the ordinary Kriging model and the sample points of the cross section data are shown. The contour surface is the predicted response surface and the red spheres are the sample points. The x-axis and y-axis are the rovibrational states of the target and projectile molecules, respectively. In all figures, it is shown that the predicted response surface of the cross sections seem to be designed well from those of the sample QCT calculations.
In Fig. 2 . the state-to-state transition cross sections derived from the predicted response surface are compared with the cross sections unused for the response surface design. In Figs. 2 (a) and (c), the comparisons are made along the rotational state, and in Figs. 2 (b) and (d), the comparisons are made along the vibrational state. All of the designed values are within the range of error bars of the exact QCT calculations.
In Fig. 3 , the present designed cross sections are compared with cross sections calculated by Mandy and Pogrebnya. 13 In the work of Mandy and Pogrebnya, the cross sections were calculated by a QCT method based on BKMP potential energy surface.
14 This potential energy surface has an advantage to accurately describe a long range force over the Schwenke potential energy surface. 10 However, the computational time cost of the BKMP potential energy surface is more expensive than that of the Schewenke potential energy surface. The present cross sections derived from the predicted response surface are similar to the cross sections calculated by Mandy and Pogrebnya. Especially, in Cases 1 to 3, the cross sections agree quite well with the QCT calculations. In the cross sections where the value is lower than a 10 -3 2 0 a , a discernible difference is shown. However, the values of these cross sections are small enough to ignore.
In Fig. 4 , the present vibrational self-relaxation rates for para-H 2 are compared with the transition rates of the theoretical calculations 15, 16 and experiments. [17] [18] [19] The present vibrational self-relaxation rates are obtained by the method proposed by Zenevich et al. 15 In the works of Zenevich et al., 15 the rotational-vibrational energy transitions were calculated by a semi-classical method. In the theoretical calculations by Furudate et al., 16 the DSMC-QCT method was adopted to calculate a vibrational self-relaxation rates. In the experiments by Audibert et al., 17 ,18 the vibrational relaxation rates were measured by Raman two-photon excitation and Schlieren detection technique for para-and ortho-H 2 in the temperature range 40-500K. In the experiments by Dove and Teitalbaum, 19 the selfrelaxation rates were obtained from the vibrational relaxation time. In the comparisons of vibrational selfrelaxation rates for para-H 2 , it is shown that the present relaxation rates agree well with the relaxation rates by semi-classical calculations and experiments.
III. Master equation study without chemical reactions
A system of the master equations is constructed by using the state-to-state transition rate coefficients designed by the ordinary Kriging model. Then, state-resolved rovibrational kinetics are simulated by the system of the master equations. The master equation of the bound-bound transitions is defined as
where, i and j denote an initial rovibrational state of the target and projectile molecule, respectively. l and m are the final states, corresponding to i and j rovibrational states. 
A parameter ij m g l is defined as ( ) where the nuclear spin degeneracy s g is 1 when j has an even number and 3 when an odd number. The principle of detailed balance relation between forward and backward rates is invoked under the assumption of equilibrium, which leads to
The normalized populations ϕ for all 348 rovibrational states are calculated for a heating environment by the system of the master equations of Eq. (22) . Initial heat bath conditions are tabulated in Table 1 . Strong thermal nonequilibrium conditions are presented in this condition. In master equation calculations, it is assumed that rotational and vibrational excitations occur at an isothermal condition. An implicit time integration method accurate to third order along the diagonal and second order off-diagonal elements is used in integrating the resulting system of 348 ordinary differential equations. In Fig. 5 , the relaxations of rotational and vibrational temperatures and number densities by the master equation calculations are presented. In the present work, the energy-equivalent temperatures of the rotational and vibrational modes are adopted. These energy-equivalent temperatures can be determined by the averaged rotational and vibrational energies; 
In figures (a) and (b), it is observed that the relaxation of the rotational mode is discernibly faster than the relaxation of the vibrational mode in Case 4. However, the rotational relaxation time becomes similar to that of vibration, when the equilibrium temperature increases. In figures (c) and (d), the normalized number density distributions of the rotational and vibrational modes by master equation calculations for Case 8 are compared with the Boltzmann distributions according to nonequilibrium temperature. For both the rotational and vibrational number density distributions, the nonequilibrium distributions of the master equation calculations are obviously different from the Boltzmann distributions in strong nonequilibrium conditions. After more convergence toward equilibrium, these differences become small. However, in the low rotational and vibrational states, where the most 
respectively. By equating Eqs. (28) and (29) with the results of the master equation calculations, the relaxation time can be determined with the e-folding collision number method. 23 By multiplying the pressure, one obtains the characteristic rotational and vibrational relaxation parameters r pτ and v pτ , respectively. The figure shows that the rotational relaxation parameters of the present work agree well with the experimental values by Lensch and Gronig. 20 In the vibrational relaxation parameters, the present results also agree well with the experimental values by Dove and Teitelbaum 19 at all measured temperatures. In comparisons of the present relaxation parameters with the previous theoretical calculations by Sharma 21 and Furudate et al., 16 the present results have discernible differences with the previous theoretical calculations. In comparisons with the results by Kim et al., 2 the present relaxation parameters have similar values. However, for the temperatures of 1,000K and 2,000K, the present relaxation parameters have more agreement in comparing with the experiments than with the parameters by Kim et al. In all experiments and theoretical calculations, it is observed that the rotational relaxation time is faster than that of vibration initially. However, these differences of relaxation time between the rotational and vibrational modes become small when the temperature increases.
IV. Master equation study with chemical reactions
A system of the master equations with nonequilibrium chemical reactions can be constructed with the state-tostate transition rate coefficients in the following form; 
where, the prohibiting parameters of ij g l , ijm g , and ij g are defined as
[1 ]
respectively. The principle of detailed balancing relations for bound-free transitions are 
respectively.
All normalized populations ϕ of Eqs. (35) and (36) are calculated for heating and cooling environments in a heat bath. Initial conditions of these heating and cooling environments are tabulated in Table 2 . The initial number densities of H 2 and H are set to a constant as 1.0x10 18 cm -3 and zero, respectively. Input conditions of number densities of each rovibrational state and each species are determined by equilibrium chemical reactions before putting into the system of master equations. In the computational method, an implicit time integration method accurate to third order along the diagonal and second order off-diagonal elements is adopted in integrating the 349 ordinary differential equations of Eqs. (35) and (36).
In Fig. 7 , the relaxations of the rotational and vibrational temperatures and number densities by master equation calculations are presented for the heating cases. In figures (a) and (b), the nonequilibrium chemical reactions in QSS are observed above 6,000K cases. During this QSS period, the rotational and vibrational temperatures are at almost constant values, and the number density of H is rapidly increased. In figures (c) and (d), the rotational and vibrational number density distributions at seven points in Case 8 are shown. In both the rotational and vibrational cases, the number density distributions seem to be frozen in QSS. This is because QSS occurs when the number density rate of change i n on the left-hand side in Eq. (30) is much smaller than both the sum of all incoming rates and sum of all outgoing rates on the right-hand side.
In Fig. 8 , the relaxations of the rotational and vibrational temperatures and number densities by master equation calculations are presented for the cooling cases. In figures (a) and (b), the rotational and vibrational temperatures locally increase. This is because, in this local period, the number densities of high-rotational and vibrational energy levels are increased due to recombination, and this recombination occurs at a much faster rate than the rotational and vibrational relaxations. These phenomena are also accounted for in figures (c) and (d). In figures (c) and (d), the vibrational relaxation rates and the normalized number density distributions of the vibrational mode for Case 2 are presented, respectively. The vibrational relaxation rates of high-vibrational energy levels are larger than those of the low-vibrational energy levels. However, slow relaxations of vibrational number density are observed on highvibrational energy levels than on low-vibrational energy levels.
In Fig. 9 , the dissociation and recombination reaction rates of the present work are compared with experiments [24] [25] [26] [27] [28] [29] and theoretical calculations. 2, 10, 16 The present dissociation reaction rates are obtained in QSS, and the recombination rates are obtained where the recombination occurs rapidly. In the comparisons of dissociation reaction rates, the present rates agree well with the recommended experimental values by Cohen and Westburg 24 and theoretical calculations by Kim et al. 2 However, the present reaction rates have discernible differences with the oneway rates 30 defined as   2  2  2  , , , , ,
This is because the present reactions rates are determined in a nonequilibrium process and the one-way rates are determined in a equilibrium process. In the recombination reaction rates, the experimental results [25] [26] [27] [28] [29] are shown to be scattered over a logarithmic range between 14.7 and 15.4 at temperatures from 3000 to 5000 K. The theoretical recombination rate coefficients of the present work fall within this boundary. However, the theoretical calculations of Schwenke 10 and Furudate et al. 16 either overpredict or underpredict the experimental data. In Fig. 10 , the averaged rotational and vibrational energy losses due to dissociation are presented. Using the detailed balancing relations of Eqs. (35) to (37) and the rate of change of atomic number density in Eq. (31), the averaged energy loss of the rotational and vibrational modes can be expressed as 
respectively. A system of master equations are coupled with the one-dimensional flow equations as species and rovibrational concentration equations;
In describing the rate of change of the rovibrational and species concentrations by H+H 2 and He+H 2 collisions, we use the state-to-state transition rate coefficients calculated by Kim et al. 1 In the present work, one-dimensional flow codes are developed by using Eqs. (39) to (46). In the nozzle flow code, it is constructed of a settling chamber, subsonic nozzle, and supersonic nozzle parts. In the settling chamber part, calculations of equilibrium chemical reactions are performed by using the JANNAF thermochemical data base 31 and the rigorous method of the Saha equation. 30 In the subsonic nozzle part, equilibrium assumptions are adopted in onedimensional flow calculation. In the supersonic nozzle part, nonequilibrium thermochemical calculations are performed by coupling with one-dimensional flow and a system of master equations. In the post-normal shock flow code, it is constructed of two-parts; in the first part, jump conditions of the flow properties are determined by normal-shock relation equations. In the second part, the thermochemical nonequilibrium flows are calculated by the coupled equations in the post-normal shock region.
In Table 3 , initial conditions of post-normal shock and nozzle expanding flows are tabulated. By these conditions, the mixture gases of settling chamber and free stream flow consist of 80%H 2 -20%He by mole-fraction. This ratio is For all flow calculations, an implicit integration method accurate to third order along the diagonal and second order off-diagonal elements is adopted in integrating the mass, momentum, energy, and rovibrational and species concentration equations.
In Fig. 11 , the results of temperatures and species mole-fractions of post-normal shock flows are presented. In the 20km/sec case, the relaxation of the rotational mode is slightly faster than that of vibration. These relaxations of the rotational and vibrational modes mostly occur within a distance of about 2cm after the normal shock. In this region, the relaxations of the rotational and vibrational modes are dominantly affected by H 2 +H 2 collisions. In 30km/sec case, the relaxation of the rotational mode is almost similar to the relaxation of the vibrational mode, and these relaxations are affected by all species collisions of H+H 2 , He+H 2 , and H 2 +H 2 .
In Fig. 12 , the relaxations of temperatures and species mole-fractions are shown. In figures (a) and (b), temperature cooling occurs rapidly within a length of about 4cm from the nozzle throat. In the length from 4cm to 10cm, the relaxations of both rotational and vibrational modes seem to freeze. In this freezing region, the recombination process is obviously shown. These freezing phenomena are accounted for in figures (c) to (f). In figures (c) and (d), the normalized number density distributions and concentrations of the vibrational mode for 100MJ/kg case are presented. In figures (e) and (f), those of the rotational mode are presented. When the flow is cooled in a supersonic nozzle, the recombination reactions occurs rapidly. The recombined molecules are present at high-rotational and vibrational energy levels. However, these molecules are slowly relaxed to lower energy levels. This is because the rotational and vibrational transition rates in low-energy levels are smaller than those of the highenergy levels in the temperature ranges where the recombination process occurs actively.
VI. Conclusion and future work
The complete set of state-to-state transition rate coefficients for both target and projectile molecules are derived from the predicted response surface designed by the ordinary Kriging model. Sample cross sections used for designing the response surface are calculated by a quasi-classical trajectory method with randomly selected 1,830 initial collision pairs of rovibrational states. By adopting this design method, a computational cost is drastically reduced by a factor of 33 compare to the exact calculation. A system of master equations is constructed for boundbound and bound-free transitions with these transition rate coefficients, and the rovibrational number densities are numerically evaluated by solving a system of master equations. In comparisons with experiments, the present results of master equation calculations agree closer with the existing experimental data for rotational and vibrational relaxations and reaction rate coefficients for dissociation and recombination. From the results of master equation studies without chemical reactions, it is observed that the rotational relaxation time is faster than that of vibration initially. However, these differences of relaxation time between the rotation and vibration modes become small when the temperature increases. From the results of master equation studies with chemical reactions, it is observed that most dissociation of H 2 occurred in a quasi-steady state. A local increase of the rotational and vibrational temperatures by recombined molecules is also observed in cooling processes. A system of master equations are coupled with one-dimensional flow equations to analyze the relaxations of H 2 in post-normal shock and nozzle expanding flows. In post-normal shock flows, the relaxation of the rotational mode is slightly faster or similar to the relaxation of the vibrational mode. In nozzle expanding flows, the relaxations of both the rotational and vibrational modes seem to freeze in the supersonic nozzle. This is because the rotational and vibrational transition rates in low-energy levels are smaller than those of the high-energy levels where most recombined molecules exist.
In the present work, the master equation studies and flow analyses of post-normal shock and nozzle expanding flows are performed for H 2 and He systems. In the future, these studies will be extended to analyze the same nonequilibrium processes for air species 
